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Abstract: 

The paper examines even-even nuclei's collective nuclear structure through investigation of essential 

observables under proton and neutron number multiplication (NpNn). An analysis of the asymmetry 

parameter (γ) variation occurs across different (N, Z) regions with emphasis on nuclei that fall within N = 

28–50 and Z = 28–50 as well as N = 40–66 and Z = 40–50. The research findings show intricate relationships 

controlling the collectivity in nuclei and their shapes because NpNn follows a continuous trend in which 

specific patterns appear linked to the shell structure's defining magic numbers. Nuclei display behavior which 

appears similar to both spherical U(5) and axially deformed SU(3) patterns while total deformation shapes 

their configuration. This research contributes essential knowledge regarding nuclear interactions while 

developing insights about nuclear shape evolution for use as a base in future studies of nuclear physics and 

nuclear structure principles. 
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Introduction 

The collective behavior of atomic nuclei can be 

effectively explored using variables such as 

neutron number (N), proton number (Z), the total 

boson number (NB), and especially the product of 

valence protons and neutrons (NpNn). These 

parameters provide valuable insights into the 

interactions that shape nuclear structure. Over the 

years, a wide range of studies has been conducted 

to investigate how collective motion, deformation, 

and other structural characteristics evolve in 

relation to NpNn. For instance, Martinou et al. 

(2020) emphasized the crucial contribution of 

valence nucleons in shaping nuclear properties, 

while Bhattacharya et al. (2023) highlighted the 

robustness of level structures in semi-magic 

isotones and isotopes. Similarly, Möller et al. 

(2016) demonstrated that both protons and 

neutrons play a pivotal role in driving nuclear 

deformation. 

Within the framework of the Interacting Boson 

Model (IBM), Zyriliou et al. (2022) showed that 

the structure of nuclei is governed by the total 

number of bosons (NB). This idea laid the 

foundation for the concept of F-spin multiplets, 

which was later elaborated by Zhao et al. (2021). 

Furthermore, Wang et al. (2023) observed that the 

excitation energy of the first 2⁺ state shows a 

smooth and consistent variation with NpNn. Other 

investigations, including those by Bao et al. 

(2020), have examined how various observables 

related to collectivity and deformation exhibit 

systematic trends with respect to the NpNn 

product. 

Gupta and Hamilton (2022) identified a linear 

correlation between the inverse of the rotational 

coefficient (1/α) and NpNn, where α represents the 

contribution to the rotational energy in the SU(3) 

symmetry limit of the IBM, as described by the 

equation: 

E([N](λ,μ)KLM)=αL(L+1)+βC(λ,μ)E([N](\lamb

da, \mu)KLM) = \alpha L(L+1) + \beta C(\lambda, 

\mu)E([N](λ,μ)KLM)=αL(L+1)+βC(λ,μ)  

This relationship suggests that rotational behavior 

in nuclei can be quantified directly through the 

NpNn scheme. Moreover, transition probabilities 

such as B(E2; 2⁺₁ → 0⁺₁) have also been linked to 

this product. In another detailed analysis, Walker 

and Podolyák (2023) revealed a clear dependence 

of γ–g B(E2) ratios on NpNn values across 

different shell regions—specifically for proton 

numbers between Z = 50 and 82 and neutrons 

below or above N = 82. A review by Wang et al. 

(2023) further outlined the gradual evolution of 

nuclear structure driven by the NpNn framework. 

To enhance this model, a modified approach 

involving the P-factor was introduced by Walker 

and Podolyák (2023), adding further depth to the 

analysis of nuclear collectivity. 

In this study, we extend the understanding of 

valence nucleons and holes in relation to nuclear 

structure by analyzing trends based on the NpNn 

product. While Bao et al. (2020) explored regions 

with mass numbers around A = 100, 130, 150 (for 

Z < 64 and Z > 64), and A = 190, our research 

concentrates on the regions defined by N = 28–50 

and Z = 28–50, as well as N = 50–82 and Z = 28–

50. These regions are of particular interest because 

they span the well-known magic numbers, which 

mark significant energy gaps in the shell model’s 

single-particle level scheme. 

To examine systematic variations, we calculated 

the asymmetry parameter (γ) across the range 28 

≤ Z ≤ 50 and 28 ≤ N ≤ 50. The dataset was divided 

into four quadrants, and the γ values were plotted 

against NpNn to reveal potential trends in the 

collective behavior of nuclei within this segment 

of the nuclear chart. 

Calculation of Asymmetric Parameter (𝜸𝟎) 

 

The value of 𝛾0 can be evaluated 
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using the experimental energies E22
+ 

and E21
+ states ( D a t a ,  2 0 0 0 ) . 

The energy ratio Rγ =E2γ / E2g and γ is: 

 

𝜸𝟎  =  (
𝟏

𝟑
) 𝐬𝐢𝐧−𝟏 [(

𝟗

𝟖
) 𝟏 − (

𝑹𝜸−𝟏

𝑹𝜸+𝟏
)]

𝟏 𝟐⁄

. ... eqn (1) 

  

Asymmetric Parameter Equation. 

 

It can be evaluated using: (a) The energy ratio R4

=(E4g/E2g) but only the nuclei 

with 2.8≤R4≤3.33 will be allowed ( S h a r m a  

e t  a l . ) [11, 12]. (b)The B(E2) values which a

re very small and available with uncertainties.T

herefore the values from energy ratio Rγ are m

ore reliable. 

 

Result and discussions 

 

The variation of γ versus NpNn product for 

quadrant-I for 28≤Z≤50 and 28≤N≤50 has been 

shown in Fig. 1. There is smooth dependence of 

γ with NpNn. The γ decreases fast while NpNn 

increase from 0 to 10. There is strong dependence 

of γ on NpNn because all data points are merged 

in a single curve, except Kr (NpNn=20). This 

means that the nuclei are becoming either 

spherical (U(5)) or axially deformed (SU(3)), 

depending on the total deformation. Conversely, it 

implies that the system is moving toward a more 

stable quadrupole-deformed shape, favoring an 

SU(3) (axially deformed) structure. 

 

 

 
Fig 1. The variation of asymmetry parameter (γ) 

versus NpNn for N=28 to 38 and Z=28 to 38 (Zn 

to Kr) quadrant I. 

 

The variation of γ versus NpNn for N=40 to 50 

and Z=40 to 50 quadrant III is shown in Fig 2. For 

Zr, the γ is increasing from 22.40 to 23.50 while 

NpNn increasing from 0 to 20. For Mo, the γ 

decrease while NpNn is increasing from 0 to 8. 

There is weak dependence of γ on NpNn. 

 
Fig. 2. The variation of asymmetry parameter (γ) 

versus NpNn for N=40 to 50 and Z=40 to 50 (Zr 

to Cd) quadrant III. 
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The variation of γ versus NpNn for N=40 to 50 

and Z=28 to 38 isotopes of quadrant IV is shown 

in Fig. 3. There is weak dependence of γ on NpNn. 

 
Fig. 3 The variation of asymmetry parameter (γ) 

versus NpNn for N=40 to 50 and Z=28 to 38 (Ni 

to Kr) quadrant IV. 

 

The variation of γ versus NpNn for N=50 to 66 

and Z=28 to 38 (Ge to Sr) quadrant I is shown in 

Fig. 4. There is strong dependence of γ on NpNn 

because all data points are merged in a single 

curve. 

 
 

Fig. 4 The variation of asymmetry parameter (γ) 

versus NpNn for N=50 to 66 and Z=28 to 38 (Ge 

to Sr) quadrant I 

 

The variation of γ versus NpNn for N=50 to 66 

and Z=40 to 50 (Zr to Sn) quadrant II is shown in 

Fig. 5. There is strong dependence of γ on NpNn 

because all data points are merged in a single 

curve, except some scattering at NpNn=15-25. 

 
Fig. 5. The variation of asymmetry parameter (γ) 

versus NpNn for N=50 to 66 and Z=40 to 50 (Zr 

to Sn) quadrant II. 

 

The variation of γ versus NpNn for N=66 to 82 

and Z=40 to 50 quadrant III is shown in Fig. 6. 

There is no dependence of γ on NpNn. 

 
Fig. 6 The variation of asymmetry parameter (γ) 

versus NpNn for N=66 to 82 and Z=40 to 50 (Ru 

to Sn) quadrant III. 
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Conclusion 

This study provides significant understandings 

into the complex interactions between valence 

nucleons and the collective nuclear structure in 

even-even nuclei. By examining the systematic 

dependence of nuclear observables on the product 

of proton and neutron numbers (NpNn), the study 

highlights how these factors influence the 

asymmetry parameter (γ) and overall nuclear 

deformation. The findings demonstrate that 

various quadrants in the (N, Z) chart exhibit 

distinct patterns that correlate with underlying 

shell structure, mainly around magic numbers, 

which serve as essential reference points in 

understanding nuclear stability and deformation. 

The smooth dependence of γ on NpNn, as well as 

the observed variations across different quadrants, 

sheds light on the dynamics of nuclear influences 

and the evolution of nuclear shapes. This work 

therefore contributes to a deeper understanding of 

nuclear structure and may pave the way for further 

research into the basics of nuclear physics, 

particularly in discovering non-standard 

arrangements within the context of modern 

theoretical frameworks 
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